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Example 1 : Solve p’-7p t 12=0 .

Solution : The given differential equation 18

2_7p+ 12 = 0

or p-3)@- 4)=0

— p=3 or p=4

te Y_3 or ay_,

[ E dx dx

= dy = 3o dy = 4 dx

Integrating. Y =T Integrating, Y = 4x +¢

or y—3x—c=0 or T

Therefore the general solution 0

f given equation is

Example 2 : Solve p* + 2py cot x = y®
Solution : The given differential equation 1

(y—SX—C)(y—4x—c)=O..

Adding y® cot® x both sides, we get
p? +2pycotx+y?cot? x = y® +y? cot® x
(p+ycotx)? = y*(1+cot? x) = y*cosec’x

=

=
—

p +Yycotx =*ycosecx

Thus, the component equations are

and

p = yl-cotx + cosec x)
p = yl-cot x — cosec x)

Now from equation (2), p = y (cosec x — cot x)

or

or

is p®+ 2py cotx = y?

X
dy (1-cosx 2sin2 =
il | A bt )

sin x = s
2sin>- cos—
2 2
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dl X
J ={an ; dx
y 2

Integrating both sides, we get

“5
-y

: X '
logy = 2log see 5 Hoge

Y
log y = Ing‘(‘ sec? ’
2

or y = (JS(,(.?, ‘}
y cos? X =¢’
or leos™ o
or Yyl + cosx) =¢ where¢=2¢- (4)
Similarly from equation (3), we have
Py (1+cosx)
sin x
dy X dy X
-~ ——=-ycot— = — =_cotZ
= dx Y 5 cot—dx
Integrating, we get logy =-2 log sing +logc’
log y = log —< or ysin®X=¢
sin2 X 2
2 .
Yy(-cosx)=c where: .ic=2¢ 0 .o (5)

From equation (4) and (5), general solution is
[y(1 + cos x) - ] [y (1-cos x) - ¢] = 0.

2
Example 3 : Solve x? (%) - 2xygxg +2y°-x% =0,

[K.U. 2013, 15; M.D.U. 2005, 07, 14]
Solution : The given differential equation is

> dy)z ay .o
v — | =2xy—=<+2 -xe=0c 1
X ( Xy l Yy (1)

Putting %xy—zp, we get x’p®-2xyp+2y%-x2=0

_ 2y - 42 - )

= p

2x?
Xy £y - 2522 + x° _ xytxyx? -y
= ) X 2
2 2
yEyx-y
= =
p X
2_ 2
e %x!!. =£i G e et (2)
X X
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P4 X g .
. : dv _ dx

dv i — o
N1t J1-v? X

X dx
gt = 108X +c

we get
Y_tlogx+C

l'-. Y= UX]
sin” (%) =-logx+c

Itegrating:
sin”’

'l
sin”’ L—I—) _Jogx+C and

A

»

al solution of equation (1) is

. The gener
(sil’l’1 Y _logx- C)(Sm'l %+ log x — c) =0

e

Example 4 ¢ solve x’p° + yp> (1 + xy) + py’ = 0
Solution : The given differential equation 1S

x2p® +yp’(1+ x2y)+py° =0

It may be written as
plx*p* +ypl+x>Y+ y®1=0

p=20]or x2p2+y(1+x2y)p+y3=0

Equao

I

1
\

whi

— Either =
= Y _o|=>p =wx2y)2_4x2y3
dx 2x2
Integrating, W get =M\ﬁﬁ x:y2 +2x°y) - 4x"y
2Xx
y = c = —‘y(1+x2y)iyu_x2y)
2.x>
sy
:> p _— }—2— ’ p —_— — yz
= dy _ Y dy _ _y2
dx x2 dx y
dy _ _dx du__ gy
y X2 ’ yz
1 L
10gy=__+c g "'];=-‘X+C
% _
_1=-xy* ¢y

Hence general SOlution is = —_—— -1- —
(y C =
) (1Ogy C)(xy Cy) 0.
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Therefore general “:ll—..(-)(ll“X-~(.')(2U’“X tj;)( i €)=
D . ua
. Solve the d‘ﬂcmntlﬂl o4 2
Example 7! ' 2_?_y,p+£§—=0
[14}’4‘;‘5’ P " x "%
» written as
Jquation can be WritleH
Solution : The glven equ i . ) pzy"
2 2y L=ptyt -3
pT-— P X
2 2..,4
yY _ 2.2 _
2 (p—-)—c') =pY X2
2
i y
y 2,2 y
= (p-3) =»s ( xzj
px—yzipy(xz—yz)”z
=
dy
2\1/274Y _
= [xFy0 -y?* [ ==y
dx_x-T-y(xz—yz)l/Z
o dy y
dx dv
Put x = vy, so tha o ydy
2. 92" B
VY F Yy /v y” -
Then (1) becomes v+y:ii_;-_- y+y yy y =v¢y\/ﬂ
= Z—;=Tr\/v2—1
dv

=

Integrating, we get log(v+\/02 —1)=q:y+c

X x2
= log[g+ /yT—l)=¢y+c

X+ x% -2
= log(Ty] =Fy+c

which is the required solutionp,

1
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EQUATIONS SOLVABLE FOR x: -
- * Fonrren
2, Sffereosnl egmton sodvabie for x can be put in the form

fsb

X= 89 {1
DifferentSelinyrw T L & W &KX
dx | _Cp
ag U dy,
I dp’
—_— —=: :--:\%" ;2
p U @&
TR eI —oives TR0 varizhiss v and p. Let soludon of this equation be
¢é{gpcy=0 e i3
Thr—mrer of p Sor (1) 2nd (3) gives the reguired soludon. If elimination of p is ny
st 12 essiors of x 2nd v in terms of p together form the solution of the ghe

g
Weorking Rule :

1. Exzess xexpoiictiy in seyms of p and u.

' by i The equation obtaind
ay p

the egu=tion wr.t y and replace

Esolhrs pand oy
3. Solse tte egu=tion obizined in step 2 and eliminate p from this solution and &

lllustrative Examples
Example 1 : Solve y - 2px = y'p° [M.D.U. 2010
Scimtion : The gven differential equationisy =2px + y’p° @ . )
2pi 2
DifSeremrizting wr.t y. we have
de_1 _ ydp ., ,dp

Zp \2p* 7 Jdy
¢ \
o LM ~___!!_§i+p2yl£2
2p p\2p d



Equations of First Order and Higher Degree 29
or dy " dp 0
vy p
Integrating, we get log y +log p = log ¢
or logyp =loge
i‘c'. !II) = = ") — ,Cﬂ
Yy
Thus from equation (1), we have
O W3
y=2Cxsy? S
or y* =2cx+c®
which is the general solution of given equation.
Example 2 : Solve x = 4p + 4p°
Solution : The given differential equationis x = 4p + 4p* ... (1)
Differentiating equation (1) w.r.t. y, we have
dx
dy dy dy
1 _@+12p9)2R
P dy
or dy=(4p+12p°)ydp
Integrating, y=2p2+3pt+c aaaame 000 e (2)
Equation (1) and equation (2) taken together represents the required solution.
Example 3 : Solve p= tan(x =5 +p pz) [K.U. 2016}
Solution : The given differential equation is
p :
=tan| xXx-—/——:| ... 1
p ( 1+ pz) (1)
< p
tan” p=x-
= p 1+ p°
- p
= tan 1 gl o T piades 2
— b'¢ A p 1+p2 ( )

Differentiating equation (2) w.r.t. y, we have
dx_ 1 dp (+p*.1-p2pdp
dy 1+p*dy 1+p’)F dy-

1 (e )@
i p \1+p? (1+ p?? Jdy
: 2
or dy=-(-f:'p£2—)§‘dp
1+ p?)™!
Integraung, = .(_——E—)—— +C

-1
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‘“‘\
X U
“ fim

l
— ,
- . 14 p?
Therefore general solution is given by
P_ . 1
X = tan p {- - -, Y=C =
14 p’ 1+ p?

Exercise — 2.2
Solve the following differential equations :

1. _1.!:2;1\"‘;'"\&' b 3 .\'=y+p2 3. x=y+alogp 4 Y= UPX#@
8. ylogy=xyp+p® 6. p® -4xyp+8y* =0 [K.U. 2011] 7. yp? ~2xp+y.g
Answers
1. ¥y =2cx+c’ 2. x=c-[2p+2loglp-1)], y=c-[p* +2p+2log(p-y
8. y=c-alog(l-p), x=c-alog(l-p)+alogp 4. y® =3cx+6¢2
5. logy=c’+cx 6. 64y=c(4x—c)’ 7. y* =2cx-c?
3. EQUATIONS SOLVABLE FOR y:
A differential equation solvable for y can be put in the form
y=Sflxp) oemms L (1
Differentating w.r.t. y, we get
: d d
- s{s )
| dp) :
= =g X,p,— |ligmmr -~ ' . TR o et D A AR (£
p g( p dx
This eguation involves two variables x and p. Let solution of this equation be
¢(x;pc)=0 -~ i L e @

Elimination of p from (1) and (3) gives the required solution. If elimination of p i I

possible, then expressions of x and y in terms of p togéther form the solution of the ghv
equation.

Working Rule :
1. Express y explicitly in terms of p and x.

2. Differentiate the equation w.r.t. x and replace a4y by p. The obtained equati®”
dx
involves p and x,

. ; and the
Solve the equation obtained in step 2 and eliminate p from this solution and {
given equation.

lllustrative Examples 0
x + log p pen.: 2
The given differentyal equation is

PEax e dogp s TR AR e e g e
L. X, we have

Example 1 : Solve y = 3 06

Solution :

Dm‘ercntiaung W.r.
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dy a4 I odp

x P oy
Ol P =34 L dp
P dx
B o 1 «dp
P dx
or dx = dp
pip—3)

Integrating both sides, we have

| 1 1 "
X = - —+—I|dp+c
3 P p-3

31

[Making partial fractions]

1 -
or X = 5[—-logp+log(p—3)_|+c'
or 3x =-log—L2_ ;3¢
p-3
or 3x = -log P +logc”
p-3 '
or log ¢ = log c¢” (L—‘S]
P
or e = ¢ P=3
p
or e”* = c"(l—i)
, . p
3 3
1 -ce®* == or =
or e = P= e

Then from equation (1), we have y = 3x +log

1-ce®*

Example 2 : Solve y = p tan p + log cos p

Solution : The given differential equation is
y = ptan p +logcos p
- Differentiating both sides w.r.t. x, we have

dy _ 2 - dp dp _
Frae psec pdx+tanp %
dp
2
0 - ha 5
r p psec pdx
or dx = sec’pdp
lntegratmg, x= tanp +c ‘
or p = tan™'(x -¢)

dp
tan p—
pdx

[ 3¢’ =logc”]

[leoge"]

44

which is the required solution.

[M.D.U. 2009]
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v u

Then from equation (1), we have

1 ;
y = (x-o)tan Wi ("".',"“ﬂ(("

w o

-c)* + l).

Example 3 : Solvey = 2px - p’ i M.D.y, 5, :
Solution : The given differentk lequation s y = 2px=p= - (1)'
erentiating w.r.t, x, we get
Differentiating i - 2\{{2— dp
Frl = el T dx dx "

or p = 2p+(2.\—2p)a-x— or dp p

dx 2

—+—x=2 ]
or dp p 21

dy _
Now equation (2) is a linear differg_ntial equation of the type a+ Py =Q where p &g

. J‘de

2
J —dp 2 9

-

are functions of x. So L.F.

Here
Hence solution of (2) is given by

X(LF) = jz.(I.F.A)dp+c

or xp? = ijzdp+c ’
2 2P3 2 -2
or Xp© = T'l'c or X = §p+cp

Then from equation (1), we have
y = %pz +2cp™ - p? =%p2 +2cp™!
Thus the general solution is given by
R= 232-p+cp'2 and y=%p2+20p'1
Example 4 : Solve y = xp? K1Y
Solution : The given diﬂ'erentlall’ equation is
iR P G M
Differentiating w.r.t. x, we have d
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t.e.. p p'.‘ \ L""‘\'I’ : ‘., ](l,,
P )dx

I) = I)"‘ - :)‘\’)J ! l (ll)

8 in eV
4. y=psinp+cosp 5. p'+p=¢€

6. y=2p+\/1+p2

33

P"" dx
p*-p' = (2xp® + l)d’)
dx
or dx _ 2xp° i 1
dp pJ e p'l p(\ - 1)4
ax. 2 1
dp p- 1 p3(l_p) O (.
which is linear differential equation of the type %Jr Py=Q.solLF.is given 57 2 J'p,/,.,
2
Here LF. = e'[ “I’.,’:ldl) N e‘),log(p—l) o Clog(’) 12 _ (p B ])l ‘
Then solution is x(.F.) = ﬁ_)_l_
‘ p (1-p)
2 p-1 1
= (p—l) X =- I 3 dp'—‘-’j(—-——z— —T]dp+(’
p P p
1
p-1)°x=—- +c
p 2p°
2p-1 2p-1 c
-1)? = +c or =— Sk ,
X(.p ) 2p2 zpl(p_l)z (p_l)2
Putting this value in given equation, we have
2p-1 c ) 1
= p° + —_—
i) (2192(10—1)2 (p-1°) P
_2p=l. oept i
5 Y T op-1F (p-V* P
-. The general solution 1S given by 1
2p - c
= +
X= o2 (p-1° (p-1°
_gp-1 et il
. YT gt (p-12 P
Exercise — 2.3
ations :
Solve the following differential equ P o7 4 ap? aly + o
1. y+px=p°x* [K.U. 2012, 11] 2. y=2px+p
[K.U. 2008]

[K.U. 2015; M.D.U. 2010 (2nd Sem.)]
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3.3 EQUATIONS SOLVABLE FOR y

————

> . . A 155 . " g A 5 r .
Ifthe equation is solvable for vowoe can expross v explicitly in terms of x and p. Thus,

the equations of this type ean bo put as y = f(x, p) (1)
. R . : "{" y (I’) ¢
Differentiating (D) warteaswoget =~ =p=F (-\. Py i -(2)
dx (X
Equation (2) is a differential equation of first order in p and x.
Suppose the solution of (2) is o, p,e) =0 ~(3)

Now elimination of p from (1) and (3) gives t) . required solution.
I p cannot be easily eliminated, then we solve equations (1) and (3) for x and y to get
x=¢, (0, y=0, @0

These two relations together constitute the solution of the given equation with p as
parameter.

ILLUSTRATIVE EXAMPLES
Example 1. Solve y + px = x'p?.
Sol. Given equation is y = — px + xip2 (1)
Differentiating both sides w.r.t. x,
dy dp dp
— =p=—p—_—x — + -32.*_2’--1 =
de PTTRTEG TP o
d d
or 2p+x£—2px3(2p+xd—§)=0
dp
or 2p+x— | (1-2px®) =0
dx
Discarding the factor (1 - 2px3), which does not involve Z—p, we have
d d 4
2p+x—p =0 or _p+2£ =0
dx p x
Integrating, logp+2logx=1logec
or log px®>=log ¢
or px*=c¢ = p=-—.
%
Putting this value of p in (1), we have y = — L5 2.
%

Example 2. Solve y = 2px - p?,
Sol. The given equation is  y = 2px — p? ’ )

Differentiating both sides w.r.t. x, fl—z =p=2p+ 2 ,‘!E ~2p _‘_13
dx dx dx

d
or p+(2x—2p)-(-1§=0

de ]
ol p dp D
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dy 2 i
i ‘ — Y ]
dp  p B -
a linot equntion
gach 1 )
¥ [ ‘,v',, i )
LW =o'’ =g P =g
dhe solution of (2)is o L1 = j')]],l,) e
.\I):’ o JZ’)?'I/') o
Tl Syl : |
WS g TR O &6 phapre ...(3)

pPutting this value of ¥ in (1), we have y=2p {% p+ep? J ~ p?

y= = p*+ 2cp!
y=3 epr.

...(4)
Equations (3) and (4) together constitute the general solution of (1).

TEST YOUR KNOWLEDGE

Slve the following equations:

1. wi-2yp+ax=0 2.y - 2px =tan! (xp?)

3. 16+ 2p%y — p3x =0
5.y=3x+logp

&, y=x+2tan’lp

6. x—yp=ap?
T |
o [ dy d
lﬁ[d_}] +2x_y._-y=0

1

= et " 8.y =2px — xp?
Answers ;
L 2y=ea2+ f’c- 2. y = 2cx + tan! ¢ 3.16 + 22y — 332 =
4 x=1og—\[%—tan“‘p+c,y=log J—%i_l +tan' p + ¢ 5.y=‘3x+'log 1—_—-3@
6. x= —~——p-—- (c+asin p), y= T (¢ +asin™ p) —ap. T.y=c2+ 2 ex
J1-p? 1- p? ' Bt
B y= 2Jex -,
34

\_EQUATIONS SOLVABLE FOR x

l I the equation is solvable for x, we can express x explicitly in terms of y and p. Thus,
Hie equations of this type can be put as x = f(y, p)

(1)
: A% et [ dp
Differentiating rr.t. y, we get s = F\y: e -(2)
:ntiating (1) w.r.t. y, g ;i Y, D o
Fquation (2) is a differential equation of first order in p and y.
Suppose the solution of (2) is ¢ (v, p, ) =0 -(3)




M-7.44

e MR 54, YO A A e

A TEXTBOOK OF ENGINEERING MATHEMATICS

ity

Now elimination of p from (1) and (3) gives the required solution.

. . . - (’ £
If p eannot be easily eliminated, then we solve equations (1) and (3) for x and y to
get

=9 (o), y=0,(p,0)

These two relations together constitute the solution of the given equation with p ag
parameter.

ILLUSTRATIVE EXAMPLES
Example 1. Solve y = 2px + y“p?.
Sol. Solving for x, we have x= —%(l - yzpzj

Differentiating both sides w.r.t. y

1 1(1 y dp 2 2 _dp
P Rl o e 2 2y"p—-
dy "~ p Q[p o dy P dy
d, d
or 2p=p-y 22yt —2y?p* L
U ody dy
4 dp 2 3 AP 3 ap - 3
or p+2yp Ty TP iy e & PA+2ypY) k5, (L1 2p7 = 0
or (p+yj—§j (1+2yp%) =0

Discarding the factor (1 + 2yp3) which does not involve d_p , we have

Y
d, d.
dy y p
Integrating, logy+logp= logc or py=c or p= =
Y
Putting this value of p in the given equation, we have
2cx ¢ >
y=7+— or y*=2cx+c3
-which is the required solution.
Example 2. Solve p = tan | x - —P ool
1+p
Sol. Solving for x, we have x = tan™! p + P 5 (1)
1+ p enre

Differentiating both sides w.r.t. y,

de _1_ 1 dp (+p*)-2p* ap

dy p 1+p* dy  (Q+p%% dy




NTIAL 3 n\!MM‘N" OF Wl Hur,w nnm R Ammmurv nrr,prr
fEN

M-7.45
a3 12014 p?) ‘)p dp 80 . Zp dp
. , " Iy 2 b i
P (14 p’)) dy e pRy
| 1 ;
‘nwgr:ﬂn\{l. Yy =0 - 1 “‘; avibd)

fguations (1) and (2) together constitute the general solution

TEST YOUR KNOWLEDGE
1o the following cquations:
‘ 1 y=Spx+6phy? 2. y=2px+ p%y
g pd-dup+8?=0 | 4. y2log y = xyp + p*
5. x=y+alogp 6. x =y + p
Answers

1. ¥3=3cx+ 6¢? 2. y2=2cy + ¢2 3. 64y = c(c — 4x)? 4. logy=cx+ 2
5. x=c+alog 1> Y=c—alog(p-1)

6. x=-2p—-2log (1-p)+c, y=-p>—2p—21og (1-p)+c.

35 CLAIRAUT’S EQUATION

An equation of the form
1s known as Clairaut’s equation.

y = px + f(p) _

(1)
Differentiating (1) w.r.t. x, we get
dp d
=p+x — 4 —_
p=ptx——+f'(p)

or [x+f’ (p)]d—p

Discarding the factor [x + f’(p)], we have op. - 0

dx
Integrating, p=c

Putting p=cin (1), the requif‘ed solution is p = cx + f(¢)

Thus, the solution of Clairaut’s equation is obtained by writing ¢ for p

ILLUSTRATIVE EXAMPLES
Examplc 1. Solve (y — px) (p— 1) = p.
Sol. The given equation can be written as
p p
T e L ISONE SR Y) Moty S
PR p—1 Rt p-1
X i c
This is of Clairaut’s form. Hence putting ¢ for p, the solution is y = cx +

o
Note. Many differential equations can be r(‘ducud to Clairaut’s form by suitably changi
the Variables, .
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